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1. INTRODUCTION
Let  be a class of groups. As usual we shall say that a group H is a
-group if it belongs to  and that H ≤ G is a -subgroup of G if H is
a -group. A group G is said to satisfy min- , the minimal condition on
-subgroups, if it has no inﬁnite descending chain of -subgroups H1 >
H2 > · · ·. Similarly, G satisﬁes min-∞- , the weak minimal condition on
-subgroups, if it has no inﬁnite descending chain of -subgroups H1 >
H2 > · · · with each index Hi  Hi+1 inﬁnite. Note that if  is the class of all
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groups, then these conditions are min, the minimal condition on subgroups,
and min-∞, the weak minimal condition on subgroups, respectively.
Let  denote the class that consists of all groups that are not -groups
and all trivial groups. Thus, for example, on letting  denote the class of all
nilpotent groups, we may speak of groups that satisfy min-∞-, the weak
minimal condition on non-nilpotent subgroups. Groups with this property
are the subject of the present article.
Previous papers concerned with properties of the type min-∞- include
[3, 7]. In the latter case the author shows, in particular, that a locally ﬁnite
group with the condition min-∞-c is Cˇernikov; here c denotes the class
of nilpotent groups of class at most c and, of course, a group is Cˇernikov if
it is a ﬁnite extension of an abelian group with the minimal condition. In [3]
the authors consider locally ﬁnite groups that satisfy min-∞- and obtain
a great deal of information about the structure of such groups (see [3,
Theorem B and Proposition 2]). In particular, it is shown that such groups
are Cˇernikov or locally nilpotent. It is also known that torsion-free locally
nilpotent groups that satisfy min-∞- are nilpotent [10, Theorem 2.2].
Finally, we draw the reader’s attention to [4]. For the most part, this is
a survey of the work of Zaicev; it contains many interesting results that are
related to our work here.
A group G is said to be a minimax group if it has a subnormal series
of ﬁnite length each of whose factors satisﬁes either the minimal condi-
tion or the maximal condition on subgroups. We refer the reader to [8]
for information about their basic properties. Minimax groups will play an
important role in what follows. One reason for this is that Zaicev [12] has
shown that a locally soluble-by-ﬁnite group satisﬁes min-∞ if and only if
it is an almost soluble minimax group. We shall show in Lemma 8 below
that locally soluble-by-ﬁnite minimax groups are necessarily almost soluble.
Consequently, a locally soluble-by-ﬁnite groupG satisﬁes min-∞ if and only
if it is minimax. Our goal in this paper is to obtain a similar characteriza-
tion of locally soluble-by-ﬁnite groups G that satisfy min-∞-. We can now
state our main results.
Theorem A. Let G be a locally soluble-by-ﬁnite group that satisﬁes
min-∞-. Then,
(i) G is nilpotent-by-minimax and soluble-by-ﬁnite, and
(ii) G is either minimax or locally nilpotent.
Since locally soluble-by-ﬁnite minimax groups satisfy min-∞-, Theorem
A(ii) focuses our attention on locally nilpotent groups. We shall sometimes
refer to the intersection of all normal subgroups M of a group G such
that G/M is minimax as the minimax residual of G. Similarly the Cˇernikov
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residual of a group G is the intersection of all normal subgroups M of G
such that G/M is Cˇernikov.
Theorem B. Let G be a locally nilpotent group that satisﬁes min-∞-
and suppose that G is neither nilpotent nor minimax. Let K denote the mini-
max residual of G. Then,
(i) K is nilpotent and G/K is minimax,
(ii) K is periodic and involves just ﬁnitely many primes, and
(iii) every non-nilpotent subgroup of G that is not minimax contains K.
Our next theorem follows almost immediately from the results above.
Indeed, to complete its proof it sufﬁces to notice that nilpotent groups
satisfy min-∞- (obviously) and that locally soluble-by-ﬁnite groups G sat-
isfying (ii) or (iii) below also satisfy min-∞-. These latter facts follow
easily since, as we have seen, locally soluble-by-ﬁnite minimax groups sat-
isfy min-∞.
Theorem C. Let G be a locally soluble-by-ﬁnite group and let K denote
the minimax residual of G. Then G satisﬁes min-∞- if and only if one of
the following hold:
(i) G is nilpotent,
(ii) G is minimax, or
(iii) G is locally nilpotent, K is nilpotent, G/K is minimax, and every
non-nilpotent non-minimax subgroup of G contains K.
A group G is said to be locally graded if each of its nontrivial ﬁnitely
generated subgroups has a nontrivial ﬁnite image. Evidently, locally soluble-
by-ﬁnite groups are locally graded, and so it is reasonable to ask whether
our results extend to the class of all locally graded groups. However, to the
best of our knowledge, the structure of locally graded groups that satisfy
min-∞ is unknown; without such information it is hard to see how one
might investigate locally graded groups that satisfy min-∞-. We remark
that, in contrast, locally graded groups that satisfy min- are quite well
understood (see [3, Theorems A and B]).
We conclude this introduction with a few results that will be needed in
what follows.
Lemma 1. Let G be a group that satisﬁes min-∞-. If G/G′ is not
minimax then G is nilpotent.
Proof. Suppose that G/G′ is not minimax and let N/G′ be a (possi-
bly trivial) free abelian subgroup of G/G′ such that G/N is periodic. Let
M/G′ = N2G′/G′ and observe that G/M is a periodic abelian group that
is not minimax. Arguing as in the proof of [3, Lemma 1] it is easy to ﬁnd
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(necessarily normal) subgroups G1
G2 ≥ M of G that are nilpotent and
such that G = G1G2. The result now follows from Fitting’s theorem.
Lemma 2. Let G be a locally nilpotent group that satisﬁes min-∞- and
let T denote the torsion subgroup of G. Then G is nilpotent-by-minimax and
if G/T is not minimax then G is nilpotent.
Proof. Since G/T is a torsion-free locally nilpotent group that satisﬁes
min-∞-, [10, Theorem 2.2] shows that G/T is nilpotent. Now the tensor
product of two abelian minimax groups is again an abelian minimax group,
and so [8, Theorem 2.26] implies that if G/G′T is minimax then so is
G/T . Consequently, if G/T is not minimax then neither is G/G′ and the
nilpotence of G follows from Lemma 1.
To complete the proof it now sufﬁces to assume that G/T is minimax.
However [3, Theorem B] shows that T has a characteristic nilpotent sub-
group K such that T/K is minimax and the result follows.
We shall write HPK for the Hirsch–Plotkin radical of a group K and
BK for its Baer radical. In other words, HPK denotes the locally nilpo-
tent radical of K and BK denotes the join of all the subnormal nilpo-
tent subgroups of K. Recall that a group G is a radical group if it has an
ascending series in which the factor groups are locally nilpotent. It is not
difﬁcult to show that the join of a collection of normal radical subgroups of
a group G is again a radical group, and so each group G contains a unique
maximal normal radical subgroup. We shall refer to this subgroup as the
iterated Hirsch–Plotkin radical of G.
Lemma 3. Let G be a group that satisﬁes min-∞- and suppose that G
is not nilpotent-by-minimax. Suppose that K is a normal subgroup of G such
that G/K is minimax. Then K is not nilpotent-by-minimax.
Proof. Suppose, for a contradiction, that N is a nilpotent normal sub-
group of K such that K/N is minimax. Then N is a subnormal nilpotent
subgroup of G and so N ≤ BG. Now L = BG ∩ K is a G-invariant
subgroup of BG such that L/N is minimax, and it follows from [2,
Proposition 1] that NG is nilpotent. Consequently G is nilpotent-by-
minimax and we have obtained the desired contradiction.
Lemma 4. Let G be a radical group that satisﬁes min-∞-. Then G is
nilpotent-by-minimax.
Proof. Let H1 = HPG, let H2/H1 = HPG/H1, and suppose that G
is not nilpotent-by-minimax. Then H1 = G by Lemma 2, and so H1 = H2.
Since H2 is not nilpotent and G satisﬁes min-∞-, the result of Zaicev [12]
mentioned above implies that G/H2 is minimax. Lemma 3 now shows
that H2 is not nilpotent-by-minimax and so we might as well assume that
G = H2.
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If H1 is not nilpotent then Zaicev’s result implies that G/H1 is minimax.
Moreover, by Lemma 2, H1 is nilpotent-by-minimax and Lemma 3 again
yields a contradiction. Thus H1 is nilpotent.
Let K/H1 be a normal nilpotent subgroup of G/H1 such that G/K is
minimax; the existence of such a subgroup is guaranteed by Lemma 2.
Clearly K/H1 is not minimax, and so Theorem 10.35 of [8] shows that
K/H1 has an abelian subgroup A/H1 that is not minimax. Let B/H1 be a
nontrivial cyclic subgroup of A/H1 and observe that A/B is not minimax.
Now B is subnormal in K and therefore in G. However, H1, being the
locally nilpotent radical of G, contains every subnormal nilpotent subgroup
of G, and we deduce that B is not nilpotent. Thus A/B satisﬁes min-∞ and
is therefore minimax. This contradiction completes the proof.
2. THE PROOF OF THEOREM A(i)
We shall see that, in addition to the case where G is radical (Lemma 4
above) and that where G is locally ﬁnite (Theorem B of [3]), the two main
steps in completing the proof of Theorem A(i) involve dealing with the
cases where (i) G is simple and has every proper subgroup nilpotent-by-
minimax and (ii) G satisﬁes a strong form of residual ﬁniteness, namely that
every nontrivial normal subgroup has ﬁnite index in G (such groups have
been called just inﬁnite by several authors, see [11]). The key to reducing
to cases (i) and (ii) is as follows.
Lemma 5. Let K be a locally soluble-by-ﬁnite group that satisﬁes min-
∞- and suppose that K is not nilpotent-by-minimax. Then K has a section
G that is not nilpotent-by-minimax and satisﬁes either
(i) G is simple and every proper subgroup ofG is nilpotent-by-minimax,
or
(ii) G is residually ﬁnite and every nontrivial normal subgroup has ﬁnite
index in G.
Proof. We suppose that the lemma is false and derive a contradiction.
Since K satisﬁes min-∞- we may assume that every subgroup of inﬁnite
index in K is nilpotent-by-minimax. Let H denote the iterated Hirsch–
Plotkin radical of K and note that HPK/H = 1. Note also that Lemma 4
shows that H = K.
Suppose that N/H is a nontrivial normal subgroup of K/H that is (locally
nilpotent)-by-minimax. More precisely, letM/H be the Hirsch–Plotkin rad-
ical of N/H, so that N/M is minimax. Now M/H is a locally nilpotent nor-
mal subgroup of K/H, and since HPK/H = 1, we deduce that M/H = 1.
Therefore N/H is minimax. Clearly N is not nilpotent and so K/N satis-
ﬁes min-∞ and is therefore minimax. It follows that K/H is minimax and
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hence, in the light of Lemmas 3 and 4, that K is nilpotent-by-minimax.
This contradiction establishes that K/H is not nilpotent-by-minimax and
also, given our initial reduction, that K/H has no nontrivial normal sub-
groups of inﬁnite index.
If K/H is simple then we have obtained the desired contradiction. Thus
we may assume that K/H has nontrivial proper normal subgroups but that
these are all of ﬁnite index. Let R/H denote the ﬁnite residual of K/H. If
K/H  R/H is inﬁnite then since K/H has no nontrivial normal subgroups
of inﬁnite index, we deduce that R = H and now K/R is easily seen to be a
section of K of the kind referred to in (ii) above, a contradiction. Therefore
K/H  R/H is ﬁnite and we deduce that R/H is inﬁnite and has no normal
proper subgroups of ﬁnite index. Of course, this implies that R/H has no
proper subgroups of ﬁnite index and so every proper subgroup of R/H is
nilpotent-by-minimax. Therefore, if R/H is simple, it is a section of K of
the kind referred to in (i) above, a contradiction. Thus R/H has a nontrivial
proper normal subgroup P/H of inﬁnite index. Note that P is nilpotent-by-
minimax. Now each normal nilpotent subgroup of P is subnormal in K and
is therefore contained in H. Clearly this implies that P/H is minimax. Since
K/H has no nontrivial normal subgroups of inﬁnite index, we deduce that
P/HK/H = R/H. Thus, R/H is the join of ﬁnitely many normal minimax
subgroups and is therefore itself minimax. It follows that K/H is minimax.
Now H is nilpotent-by-minimax by Lemma 2, and Lemma 3 implies that K
is nilpotent-by-minimax. This contradiction completes the proof.
Lemma 6. If G is a locally soluble-by-ﬁnite group that satisﬁes min-∞-,
then G is locally minimax.
Proof. It sufﬁces to assume that G is a ﬁnitely generated soluble group
that satisﬁes min-∞- and prove that G is minimax. To this end we begin
with a discussion of certain wreath products.
For each prime p, let W p = a
 xap = 1 = a
 axi
 i ∈ , the stan-
dard restricted wreath product Cp  C∞ of a cyclic group of order p and
an inﬁnite cyclic group. For each integer i ≥ 0 let Wi = a
 xpi and let Ai
denote the normal closure of a in Wi. Thus W p = W0 ≥ W1 ≥ W2 ≥ · · ·
and A0 ≥ A1 ≥ A2 ≥ · · ·. Now each Wi is non-nilpotent since it is iso-
morphic to W p which has a trivial center. Moreover, it is easy to see
that each index Wi  Wi+1 is inﬁnite since each Ai  Ai+1 is inﬁnite. Thus
W p does not satisfy min-∞-.
It follows that no section of G is isomorphic to a group of the form
W p and a well-known result of Kropholler [5] implies that G has ﬁnite
rank. However, ﬁnitely generated soluble groups of ﬁnite rank are minimax
[8, Theorem 10.38], and the result follows.
Our next lemma is well known.
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Lemma 7. Let G be a locally soluble-by-ﬁnite minimax group. Then G has
ﬁnite rank.
Proof. Since the class of groups of ﬁnite rank is closed under form-
ing extensions it sufﬁces to prove the result for all locally soluble-by-ﬁnite
groups G that satisfy min or max.
We ﬁrst suppose that G has max. Clearly this implies that G is ﬁnitely
generated and so there exists a ﬁnitely generated soluble normal subgroup
H of G such that G/H is ﬁnite. Since H has max, it is polycyclic, and so
G is polycyclic-by-ﬁnite. It is easy to see that such groups have ﬁnite rank.
Suppose now that G has min. Then G is periodic and therefore locally
ﬁnite. A celebrated result of Sˇunkov (see [8, Vol. 1, p. 98]) now implies
that G is Cˇernikov. Since Cˇernikov groups clearly have ﬁnite rank, the
result follows.
The following lemma was used in the Introduction to show that locally
soluble-by-ﬁnite minimax groups satisfy min-∞.
Lemma 8. Let G be a locally soluble-by-ﬁnite minimax group. Then G is
almost soluble.
Proof. In [1], Cˇernikov introduced an extensive class of groups  and
proved that -groups of ﬁnite rank are almost locally soluble. Since all
locally soluble-by-ﬁnite groups belong to , Cˇernikov’s result and Lemma 7
together show that G is almost locally soluble and of ﬁnite rank. Let H
denote a locally soluble normal subgroup of G such that G/H is ﬁnite.
Then, by [8, Lemma 10.39], there exists a positive integer n such that Hn,
the nth term of the derived series of H, is a periodic hypercentral group
with Cˇernikov primary components. Since H is minimax, only ﬁnitely many
of these primary components are nontrivial, and so Hn and therefore H
are soluble. The result now follows easily.
Our ﬁnal technical requirement for the proof of Theorem A(i) is the fol-
lowing proposition, which is a minor adaptation of a result of Zaicev [13,
Lemma 2]. We expect that this proposition (and, particularly, its corollary)
will have further applications in the study of groups that satisfy min-
∞- for various classes  . Accordingly, we shall give a detailed proof even
though it is very similar to the proof of [13, Lemma 2].
Recall that a subgroup K of a group G is said to be ﬁnitely separated
from G if there exists a normal subgroup A of ﬁnite index in G such that
G = AK. Recall also that a local system of G is a collection  of subgroups
of G such that each g ∈ G is contained in some element of  and, for each
pair of subgroups S
 T ∈ , there exists U ∈  such that S
 T  ≤ U .
Proposition 1. LetH be a subgroup of a groupG and suppose thatG has
a local system  consisting of subgroups containing H, all of which are ﬁnitely
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separated from G. Then there exists a sequence g1
 g2
    of elements of G
with the following property: For each subset N of , let GN = H
gjj ∈ N.
Then, if N1
N2 are subsets of  such that N2 ⊇ N1, we have that GN2 
GN1  ≥ N2\N1.
Proof. Let G be as stated. In addition to the sequence g1
 g2
   
referred to above, we shall construct an ascending chain of subgroups
G1 < G2 < · · · that belong to  and a descending chain A1 > A2 > · · ·
of normal subgroups of ﬁnite index in G. These three sequences will
satisfy
G = Ak+1Gk+1
 gk ∈ Ak ∩ Gk+1\Gk and gk ∈ Ak+1Gk (1)
for all k ∈ .
Let A1 = G and let G1 be an arbitrary element of . Now G1 is ﬁnitely
separated from G, so there exists a normal subgroup A2 of ﬁnite index
in G such that G = A2G1. Let g1 ∈ A1\A2G1. Since  is a local system
and G/A2 is ﬁnite, it is easy to see that there exists G2 ∈  such that
g1
G1 ≤ G2 and G = A2G2. We have now deﬁned g1
G1
G2
A1, and
A2, of appropriate types, that satisfy (1) for k = 1.
Suppose that we have already deﬁned g1
 g2
    
 gn
G1
G2
    
Gn+1,
and A1
A2
    
An+1, of appropriate types that satisfy (1) for k =
1
 2
    
 n. We proceed to deﬁne gn+1
Gn+2, and An+2 in the fol-
lowing way. Now Gn+1 is ﬁnitely separated from G, so there exists a
normal subgroup B of ﬁnite index in G such that G = BGn+1. Let
An+2 = An+1 ∩ B and note that An+2 is a normal subgroup of ﬁnite index
in G. If An+1 ≤ An+2Gn+1 then G = An+1Gn+1 ≤ An+2Gn+1Gn+1 =
An+2Gn+1 ≤ BGn+1 = G, a contradiction. Hence there exists gn+1 ∈ An+1
such that gn+1 ∈ An+2Gn+1. Since  is a local system and G/An+2 is ﬁnite,
there exists Gn+2 ∈  such that gn+1
Gn+1 ≤ Gn+2 and G = An+2Gn+2.
We have now deﬁned the three desired sequences and they clearly satisfy
(1) for all k ∈ .
Let  ⊇ N2 ⊇ N1. To verify the inequality GN2  GN1  ≥ N2\N1 it
sufﬁces to show that, for n
m ∈ N2\N1 with n < m, the cosets gnGN1 and
gmGN1 are distinct.
Suppose, to the contrary, that gnGN1 = gmGN1 , so that g−1n gm ∈ GN1 ,
and let X = gi i ∈ N1
 i ≤ n. From (1) we see that gj ∈ An+1 for all
j > n and so An+1GN1 = An+1H
X. Now gn ∈ X since n ∈ N1, and
we deduce that H
X ≤ Gn. Thus An+1GN1 ≤ An+1Gn and it follows
that g−1n gm ∈ An+1Gn. However, since n < m, gm ∈ Am ≤ An+1 and so
g−1n ∈ An+1Gn. This violates (1) and completes the proof.
Corollary 1. Let  be a class of groups that is closed under the forma-
tion of subgroups and let G be a group that satisﬁes min-∞- . Suppose that H
234 dixon and evans
is a subgroup of G that is not a -group. Then there exist x1
 x2
    
 xd ∈ G
such that H
x1
 x2
    
 xd is not ﬁnitely separated from G.
Proof. Let G and H be as stated and suppose that the corollary is false.
Thus HS = H
S is ﬁnitely separated from G for every ﬁnite subset S
of G. Let  = HSS is a ﬁnite subset of G and note that  is a local
system of G satisfying the hypotheses of Proposition 1. Let g1
 g2
    be a
sequence of elements of G as in the conclusion of Proposition 1 and, for
each subset N of , let GN = H
gjj ∈ N. Note that such a group GN is
a -group since it contains the -group H and  is subgroup closed. Let
N1 ⊇ N2 ⊇ · · · be a chain of subsets of  such that Ni\Ni+1 is inﬁnite for
all i ≥ 1. Then, by Proposition 1, GN1 ≥ GN2 ≥ · · · is a chain of -groups
such that GNi  GNi+1  is inﬁnite for each i ≥ 1. Thus G does not satisfy
min-∞- and this contradiction completes the proof.
Proof of Theorem A(i). Let G be as stated and suppose, for a contra-
diction, that G is not nilpotent-by-minimax. Clearly we may assume that G
satisﬁes either (i) or (ii) of Lemma 5.
Suppose ﬁrst that G satisﬁes (i). Then [3, Theorem B] shows that G is not
locally ﬁnite. Moreover, G is locally minimax, by Lemma 6, and therefore
locally of ﬁnite rank, by Lemma 7. We may now apply [2, Theorem 4] and
deduce that G is nilpotent-by-(ﬁnite rank) and hence of ﬁnite rank. Now
a locally soluble-by-ﬁnite group of ﬁnite rank is (locally soluble)-by-ﬁnite
and, since G is simple, it follows that G is locally soluble and therefore
cyclic [8, Corollary 1, p. 154], a contradiction. Thus G may be assumed to
satisfy (ii) of Lemma 5.
Now it follows from [3, Theorem B] that G is not locally ﬁnite, and
Lemma 2 shows that G is not locally nilpotent. Therefore we may deduce
from Corollary 1 that G has a ﬁnitely generated non-nilpotent inﬁnite sub-
group K that is not ﬁnitely separated from G. Since K is soluble-by-ﬁnite
and inﬁnite it has a nontrivial normal abelian subgroup, A say. Let X be
the set of all nontrivial normal subgroups of G, let C be the Cartesian
product of the groups G/N where N ∈ X and, for each N ∈ X, let πN
be the natural projection from C onto G/N . Let φ G→ C be the homo-
morphism such that gφπN = gN for all g ∈ G. Since kerφπN = N and⋂
N∈X N = 1, it is easy to see that φ is an embedding. Now, for each N ∈ X
we have that G = KN and so AN/N is a normal abelian subgroup of G/N .
It follows that Aφ is a nontrivial abelian normal subgroup of Gφ and is
therefore of ﬁnite index in Gφ. We deduce that G is abelian-by-ﬁnite and
this contradiction shows that G is nilpotent-by-minimax.
It remains to show that G is soluble-by-ﬁnite. Let N be a normal nilpo-
tent subgroup of G such that G/N = L is minimax. Since L is locally
soluble-by-ﬁnite, Lemma 8 shows that it is almost soluble and the result
now follows easily.
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3. THE PROOF OF THEOREM A(ii)
Throughout much of this section we consider groups G that satisfy
min-∞- and are of a rather special form. More precisely these groups G
will have a normal abelian p-subgroup A such that G/A is cyclic. This is
an appropriate juncture at which to record some elementary properties of
such groups and establish some notation. Let G = Ag be a group of the
form just described. Clearly we may view A as a g-module on setting
ag = ag for all a ∈ A. Similarly, if A has exponent p it may be viewed as
an pg-module. It will be convenient for us to use both multiplicative
and additive notation; for instance we may write
a
 g = ag − 1

where, of course, the expression on the left is written multiplicatively and
that on the right additively. This should cause no confusion. We shall use
the following lemma repeatedly, often without reference.
Lemma 9. Let G = Ag where A is a normal abelian p-subgroup of G
and suppose that G satisﬁes min-∞-. Then the following properties hold.
(a) Each ﬁnitely generated submodule of A is ﬁnite.
(b) If B is a G-invariant subgroup of A and G/B and Bg are both
nilpotent, then G is nilpotent.
(c) The group H = a ∈ Aa
 g is nilpotent is a G-invariant sub-
group of A such that Hg is locally nilpotent. Moreover, if Hg is nilpotent
but not minimax, then H = A, so that Hg = G is nilpotent.
Proof. Part (a) is an immediate consequence of Lemma 6. For the proof
of part (b), let B be as stated and suppose that G/B and Bg are both
nilpotent. Then there exist integers r
 s ≥ 1 such that h
 rg ∈ B for all
h ∈ G and b
s g = 1 for all b ∈ B. Thus h
 r+sg = 1 for all h ∈ G and it
follows that G is nilpotent.
Moving on to part (c), it is clear that H is a G-invariant subgroup of A.
Let a ∈ A and observe that a ∈ H if and only if there exists an integer
r = ra ≥ 1 such that ag − 1r = 0. It follows easily that Hg is locally
nilpotent.
Suppose that K = Hg is nilpotent and non-minimax but H = A. Since
K/K′ is not minimax it follows that H/H
g is not minimax. Let f ∈ A\H
and set F = f
 g, a non-nilpotent subgroup of G. Since F is minimax
we deduce that H ∩ F is minimax and hence that H/H
gH ∩ F is not
minimax. Let L = H
gF and observe that L is normalized by H. Note
also that, since L is non-nilpotent, HL/L satisﬁes min-∞ and is there-
fore minimax. However, H ∩ L = H ∩ H
gF = H
gH ∩ F and so
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HL/L ∼= H/H
gH ∩ F is not minimax. This contradiction shows that
H = A. The ﬁnal statement of the lemma is now obvious.
We shall strengthen the following lemma at Lemma 12 below. We believe
that the exposition is clariﬁed by keeping these two lemmas separate.
Lemma 10. Let G = Ag where A is a normal elementary abelian
p-subgroup of G. Suppose that G is locally nilpotent and satisﬁes min-∞-.
Then G is nilpotent.
Proof. Suppose that G is not nilpotent. Then, of course, A is inﬁnite.
For each integer i ≥ 1 let Ai = A
 ig, a G-invariant subgroup of A, and
set E = ⋂∞i=1Ai.
Suppose that G/E is nilpotent, of class c, say. Then E = Ac+1 = Ac+2
so that E = E
 g and the endomorphism θ of E deﬁned by θa = a
 g
for all a ∈ E is onto. Since Eg is not nilpotent, it is a counterexample to
the lemma and there is no loss in assuming that E = A. Since G is locally
nilpotent it is easy to ﬁnd 1 = a0 ∈ A such that a0
 g = 1. Moreover, since
θ is onto, there exists an inﬁnite sequence of elements of A, a1
 a2
    
 say,
such that ai
 g = ai−1 for all i ≥ 1. Let U = a0
 a1
    and note that
Ug is not nilpotent. It is easy to see that a0
 a1
    are linearly indepen-
dent elements of A. For each j ≥ 1, let Uj = a0
 apj 
 a2pj 
    
 akpj 
   .
Now
akpj 
 gp
j  = akpj gp
j − 1 = akpj g − 1p
j = ak−1pj 

for all k ≥ 1, whereas a0
 gpj  = 1. Therefore gpj normalizes Uj . Now
each of the groups Kj = Ujgpj is non-nilpotent and since Uj  Uj+1
is inﬁnite for each j, we deduce that K1 > K2 > · · · is a chain of non-
nilpotent subgroups of G such that Kj  Kj+1 is inﬁnite for each j ≥ 1.
This contradiction shows that G/E is non-nilpotent and so there is no loss
in assuming that E = 1.
We aim to construct a sequence B1
 B2
    of distinct ﬁnite G-invariant
subgroups of A such that
(i) Bi
 ig = 1 for all i ≥ 1 and
(ii) B1
 B2
    = Dr∞i=1Bi, the direct product of the Bi.
We begin by letting B1 be any ﬁnite G-invariant subgroup of A such that
B1
 g = 1; such a subgroup exists because A is locally ﬁnite as an pg-
module and G is nonabelian. Suppose that we have already deﬁned distinct
ﬁnite G-invariant subgroups B1
 B2
    
 Bk of A such that Bj
 jg = 1 for
j = 1
 2
    
 k and B1
 B2
    
 Bk = Drki=1Bi. Since
⋂∞
i=1Ai = 1, there
exists l such that B1
 B2
    
 Bk ∩Al = 1. Now let Bk+1 be a ﬁnite G-
invariant subgroup of Al such that Bk+1
 k+1 g = 1; such a subgroup exists
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because Al is locally ﬁnite as an pg-module and Alg is not nilpotent.
In this way we obtain a sequence B1
 B2
    of distinct ﬁnite G-invariant
subgroups of A that satisfy (i) and (ii). Now let S1 ⊃ S2 ⊃ · · · be subsets
of  such that Si\Si+1 is inﬁnite for all i ≥ 1. For each integer k ≥ 1 let
Dk = Bii ∈ Sk. Clearly D1g > D2g > · · · is a chain of non-nilpotent
subgroups of G such that each term is of inﬁnite index in the preceding
term. This contradiction completes the proof.
Lemma 11. Let G = Ag where A is a normal elementary abelian
p-subgroup of G. Suppose that A has inﬁnite rank and G satisﬁes min-∞-.
Then G is nilpotent.
Proof. Suppose, for a contradiction, that G is not nilpotent. Then, by
Lemma 10, G is not locally nilpotent. Let H = a ∈ Aa
 gis nilpotent
and recall from Lemma 9 that Hg is locally nilpotent. Appealing to
Lemma 10 again, we deduce that Hg is nilpotent and it follows that
G/H is not nilpotent. Moreover, H is ﬁnite, by Lemma 9(c), and so A/H
is inﬁnite. Thus G/H is a counterexample to the lemma and we may there-
fore assume that H = 1. In particular, this implies that CAg = 1 and
hence that for every G-invariant subgroup D of A that Dg is not nilpo-
tent. Let M denote the socle of the pg-module A. Thus M is a direct
sum of ﬁnite simple pg-modules and if S denotes one of these, then
S
 g is non-nilpotent. It follows easily, as in the proof of the preceding
lemma, that M is ﬁnite. Consequently, there exists a smallest integer n ≥ 1
such that x = gn centralizes M . Let Cn = g/x.
We next show that p does not divide n. Suppose that x = gtp for some
integer t ≥ 1 and let S be as above. Then Sgt − 1p = Sgtp − 1 = Sx−
1 = 0 and so Sgt − 1 = S. It follows from the simplicity of S that Sgt −
1 = 0 and so gt centralizes M , contrary to our choice of n.
Let N = a ∈ Aa
 x is nilpotent , a G-invariant subgroup of A. Now
N
x is locally nilpotent and, by Lemma 10, therefore nilpotent. Suppose
that N is inﬁnite. Now Lemma 9(c) shows that N = A and so L = Ax is a
normal nilpotent subgroup of G. Moreover, it is easy to see that L/L′Mx
is inﬁnite and it follows from Mashke’s theorem that L/L′Mx is a direct
sum of inﬁnitely many nontrivial pCn-modules. In other words L/L′Mx
is a direct product of inﬁnitely many nontrivial G-invariant subgroups. Thus
there exist G-invariant subgroups B1 ≥ B2 ≥ · · · of L, each containing
L′Mx, such that Bi  Bi+1 is inﬁnite for all i ≥ 1. However we now have
a chain B1g ≥ B2g ≥ · · · of non-nilpotent subgroups of G such that
Big  Bi+1g is inﬁnite for all i ≥ 1, a contradiction. Thus N is ﬁnite.
Let K/N be a minimal nontrivial G-invariant subgroup of A/N and let
b ∈ K\N . We set B = bG and note that BN = K is ﬁnite. Let θ be the
endomorphism of K deﬁned by θk = k
 x for all k ∈ K. Since K is
ﬁnite, Fitting’s lemma (see, for instance [9, 3.3.4]) shows that there exists
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r ≥ 1 such that K = ker θr × Imθr . Clearly ker θr and Imθr are G-invariant.
Now ker θr = K since b
 x is not nilpotent, and so Im θr contains a non-
trivial minimal G-invariant subgroup of A. However M ≤ ker θr and this
contradiction completes the proof.
Proof of Theorem A(ii). We ﬁrst show that it sufﬁces to prove the result
under the additional assumption that G is soluble. Suppose that we have
established the result in that case and recall from Theorem A(i) that G is
soluble-by-ﬁnite. Let S denote the soluble radical of G and suppose that
G/S = 1. Since G/S is non-nilpotent and ﬁnite, it contains a minimal non-
nilpotent subgroup H/S, say. By [9, 9.1.9], H/S is soluble. Thus H is a sol-
uble group with min-∞- that is not locally nilpotent. It follows from our
initial assumption that H is minimax and so G is minimax, as required.
We now assume that G is soluble and suppose, for a contradiction, that
G = H = HPG and that G is not minimax. Let g ∈ G be such that
gH is a nontrivial element of an abelian normal subgroup of G/H. Then
H
g is a subnormal subgroup of G that properly contains H and so it is
not locally nilpotent. Moreover, since G/H is minimax by Theorem A(i),
H is not minimax. Thus H
g is a counterexample to the theorem and so
there is no loss in assuming that G = H
g. Let T = T H, the torsion
subgroup of H. We distinguish two cases:
(a) H/T is not minimax, or
(b) H/T is minimax.
If H/T is not minimax then, by Lemma 2, H is nilpotent and we deduce
that H/H ′ is not minimax. Moreover, a well-known result of Plotkin (see,
for instance, [8, Section 2.2]) shows that G/H ′ is not locally nilpotent. Thus
G/H ′ is a counterexample to the theorem and we may therefore assume
that H is abelian. Let F be a ﬁnitely generated non-nilpotent subgroup of
G that contains g. Let B = F ∩H and note that, by Lemma 6, B is minimax.
Now H/B satisﬁes min-∞-g, the weak minimal condition on g-invariant
subgroups since if H1/B > H2/B > · · · is a chain of such g-invariant
subgroups and Hi  Hi+1 is inﬁnite for each i, then FH1 > FH2 > · · · is
a chain of non-nilpotent subgroups of G such that FHi  FHi+1 is inﬁnite
for each i. Let S/B denote the torsion subgroup of H/B. It follows by the
argument given in the ﬁrst paragraphs of the proof of [14, Theorem 3] that
H/S is minimax and we deduce that S/B is not minimax. Since S/B satisﬁes
min-∞-g, it is clear that there are only ﬁnitely many primes p such that
the p-component of S/B is nontrivial. Moreover, for some prime p the
p-component of S/B is not minimax. Thus there exists a prime p such
that the maximal subgroup of S/B of exponent p, P/B say, is inﬁnite. Let
L = P
 g and note that Lemma 11 shows that L/B is nilpotent. It follows
that L/L′B contains an inﬁnite elementary abelian subgroup A/L′B such
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that aL′B
 gL′B = 1 for all a ∈ A. This contradicts the fact that H/B
satisﬁes min-∞-g and completes the proof in case (a).
Turning now to case (b), we assume that H/T is minimax. Since T is
locally ﬁnite, we may use [3, Theorem B] to deduce that T has a charac-
teristic nilpotent subgroup U such that T/U is minimax. Clearly U is not
minimax. Let F denote a ﬁnitely generated non-nilpotent subgroup of G.
Since UF is a counterexample to the theorem we may assume that G = UF .
Moreover, if U has a nontrivial p-component for inﬁnitely many primes p
we may easily construct a chain of non-nilpotent subgroups of G, each
term of which has inﬁnite index in the preceding term, and thereby obtain
a contradiction. Consequently U has only ﬁnitely many nontrivial primary
components and at least one of these, Up say, is not minimax. Again there
is no loss in assuming that G = UpF . Now Up is nilpotent but not min-
imax and so Up/U ′p is not minimax. Furthermore, Plotkin’s result implies
that G/U ′p is not locally nilpotent and so we may assume that U
′
p = 1. Let
A denote the subgroup of Up that is generated by all elements of order p
and let K be a non-nilpotent ﬁnitely generated subgroup of G. Since A is
not minimax we may assume that G = AK.
Suppose next that G/A is locally nilpotent and therefore nilpotent. Let
w ∈ G and observe that, by Lemma 11, Aw is nilpotent. Thus w is sub-
normal in Aw, which is itself subnormal in G. It follows that each cyclic
subgroup of G is subnormal in G and hence that G is locally nilpotent,
a contradiction. Therefore G/A is not locally nilpotent and so G/B is a
counterexample to the theorem whenever B is a G-invariant subgroup of
A such that A/B is inﬁnite. In particular, since K is minimax, G/A ∩K
is such a counterexample, and since K/A ∩ K is not nilpotent, we may
assume that A ∩K = 1.
Before proceeding further, let us summarize some of what we have
accomplished so far. If the theorem is false, then there exists a soluble
counterexample G such that G = AF where A is an inﬁnite elemen-
tary abelian p-group and F is a ﬁnitely generated non-nilpotent minimax
group. We shall assume, as we may, that among all such counterexamples,
G is chosen so that the derived length of F/CFA is as small as possible,
d say. (For the ensuing argument, let us agree that the trivial group has
derived length 0.) Furthermore, we may assume that if d ≥ 1 then G has
been chosen such that the torsion-free rank of the last nontrivial term of
the derived series of F/CFA is as small as possible, t ≥ 0 say.
Suppose that d ≥ 1 and let C = CFA. Let D/C be the last nontriv-
ial term of the derived series of F/C and let M/C be the torsion sub-
group of D/C. Note that, since F is minimax, M/C is a Cˇernikov group.
On viewing A as an pM/C-module in the natural way, we may form
the locally ﬁnite group L = A M/C. Since L clearly satisﬁes min-∞-
, [3, Proposition 3] shows that L is locally nilpotent. If q = p is a prime,
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then the q-component of M/C centralizes A and is therefore trivial by the
deﬁnition of C. Thus M/C is a Cˇernikov p-group. Now, as above, Aw is
nilpotent for each w ∈ L and so L is a Fitting group. It follows from [3,
Lemma 6] that the divisible radical of M/C centralizes A and is therefore
trivial. Thus M/C is ﬁnite and Fitting’s theorem shows that L is nilpo-
tent. Now L is not minimax so L/L′ has inﬁnite rank and it follows that
A/A∩L′ = A/A
M is inﬁnite. Let A = A/A
M and let G = AF ,
where the action of F on A is the natural one induced by the action of F on
A. Note that G is a counterexample to the theorem. Let C∗ = CF A and
observe that, by the deﬁnition of d, the last nontrivial term of the derived
series of F/C∗ is DC∗/C∗ ∼= D/D ∩ C∗. Since M ≤ C∗, D/D ∩ C∗ is an
image of D/M , a torsion-free abelian group of rank t. Moreover, it follows
from the deﬁnition of t that D/D∩C∗ also has torsion-free rank t and we
deduce that D ∩ C∗ = M , so that D/C∗ is torsion-free. Thus, on replacing
G with G if necessary, we may assume that D/C is torsion-free. If D/C = 1
then the derived length of F/CFA is less than d, a contradiction. Thus
t ≥ 1. Let Q = AD and note that Aw is nilpotent for all w ∈ Q, so that
Q is a G-invariant subgroup of the Baer radical of G. Let X/C be a free
abelian subgroup of D/C such that D/X is periodic; then Q/AX has ﬁnite
rank since F is minimax. It follows from [2, Proposition 1] that R = AXG
is nilpotent. Since R is not minimax neither is R/R′, so A/A
XG is ﬁnite.
Factoring by A
XG, we may assume that X ≤ C. However, we now have
that either F/C has derived length less than d or F/C has derived length
d and the last nontrivial term of its derived series has torsion-free rank
less than t. Each of these possibilities contradicts our assumptions about G
and we deduce that d = 0. Thus G = A × F where A is an inﬁnite ele-
mentary abelian group and F is non-nilpotent. Clearly G does not satisfy
min-∞- and this ﬁnal contradiction completes the proof.
4. THE PROOF OF THEOREM B
In this section we prove Theorem B. Parts (i), (ii), and (iii) are established
by Propositions 2, 3, and 4, respectively.
Lemma 12. Let G = Ag where A is a periodic normal abelian sub-
group of G. Suppose that G satisﬁes min-∞- and is locally nilpotent but not
minimax. Then G is nilpotent.
Proof. Suppose not and let π denote the set of all primes p such that
the p-component of A is nontrivial.
Suppose ﬁrst that π is inﬁnite. Then we may write A = B × C where
each of B and C is a direct product of inﬁnitely many inﬁnite G-invariant
subgroups of G. Now, if Bg and Cg are nilpotent, as in the proof of
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Lemma 9(b), we easily obtain the contradiction that G is nilpotent. Thus we
may assume that Bg is non-nilpotent. However, it is now easy to obtain
a descending chain of non-nilpotent subgroups of G containing Bg such
that each term has inﬁnite index in the preceding term, a contradiction.
Thus π is ﬁnite.
We consider next the case where A is a p-group for some prime p.
We may assume that, if V is a G-invariant subgroup of A of inﬁnite rank
and A/V is inﬁnite, then V g is nilpotent. Let B be a basic subgroup of
A. (Thus B is a pure subgroup of A, A/B is divisible, and B is a direct
product of cyclic groups.) It follows that A/Ap
n ∼= B/Bpn for all integers
n ≥ 1. Suppose that A/Ap has inﬁnite rank. Then, by Lemma 10, G/Ap is
nilpotent and it follows easily that G/G′ is not minimax. This contradicts
Lemma 1 and so A/Ap ∼= B/Bp is ﬁnite and therefore B is ﬁnite. Con-
sequently B
 g is nilpotent and of ﬁnite rank and it follows that G/BG
is a counterexample to the lemma. We may therefore assume that A is
divisible.
Let X = a ∈ A ap = 1 and note that L = Xg is nilpotent, again by
Lemma 10. Since X has inﬁnite rank, L/L′ = L/X
g has inﬁnite rank
and, after factoring G by X
g, we may assume that CAg has an inﬁ-
nite elementary abelian p-subgroup, E say. Now, if A/A
g is nontrivial
it is inﬁnite, since A is divisible, and of ﬁnite rank since G/A
g ∼= G/G′
is minimax. It follows that A
gg is nilpotent and therefore that G is
nilpotent, a contradiction. Thus A = A
g. As in the proof of Lemma 10
we can now construct a sequence of nontrivial elements of A, a0
 a1
   
such that a0
 g = 1 and ai
 g = ai−1 for all i ≥ 1. Let U = a0
 a1
   
a G-invariant subgroup of A. Since UE is of inﬁnite rank but UEg is
not nilpotent, we deduce that A/UE is ﬁnite and therefore trivial. How-
ever, it is easy to see that U ∩ CAg = a0 and clearly this implies that
A/A
g = 1. This contradiction completes the proof in case π = 1.
We may now assume that π is ﬁnite but not a singleton. It follows that
there exists p ∈ π such that P , the p-component of A, has inﬁnite rank.
We write A = P × Q where Q is a p′-group. By the above argument,
Pg is nilpotent and it follows that there exists an integer r ≥ 1 such
that P
r−1 g/P
r g is not minimax. (Here we intend that P
0 g = P .)
Note that if Qg is also nilpotent, we can easily deduce that G is nilpo-
tent. Thus L = P
r−1 gQg is non-nilpotent and non-minimax and has
the abelian non-minimax group L/P
r gQ as an image. This contradicts
Lemma 1 and completes the proof.
Lemma 13. Let G be a locally nilpotent group that satisﬁes min-∞- and
let T denote the torsion subgroup of G. Suppose that G is not minimax and
that T is nilpotent. Then G is a Baer group.
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Proof. If G/T is not minimax, then Lemma 2 shows that G is nilpotent
and therefore, of course, a Baer group. Therefore we may assume that
G/T is minimax. Since G/T is nilpotent [10, Theorem 2.2], it sufﬁces to
prove that g is subnormal in T g for each g ∈ G. If T/T ′ is minimax
then so is T and it follows that G is minimax, a contradiction. Thus T/T ′
is not minimax and on appealing to Lemma 12, we deduce that T g/T ′ is
nilpotent. Consequently T g is nilpotent and the result follows.
The following proposition establishes Theorem B(i).
Proposition 2. Let G be a locally nilpotent group that satisﬁes min-∞-
and suppose that G is not nilpotent. Let K denote the minimax residual of G.
Then K is nilpotent and G/K is minimax.
Proof. It is clear that K is nilpotent since, by Theorem A, G is nilpotent-
by-minimax.
Suppose that G/K is not minimax and let T denote the torsion subgroup
of G. Observe that Lemma 2 shows that G/T is minimax and so K ≤ T .
Note also that G/T is nilpotent by [10, Theorem 2.2].
Suppose ﬁrst that T is not nilpotent and let L denote the Cˇernikov resid-
ual of T . It follows from [3, Proposition 2] that T/L is Cˇernikov and there-
fore minimax. However, it is easy to see that L ≤ K and so the result
follows in this case. Thus we may assume that T is nilpotent.
Since G is not nilpotent, Lemma 1 shows that G/G′ is minimax and it
follows that every nilpotent image of G is also minimax. Thus G/K is not
nilpotent and so it is a counterexample to the proposition and we may
therefore assume that K = 1, i.e., that G is residually minimax. Recall that,
for each subgroup H of G, IGH denotes the isolator of H in G. Now
let F be a ﬁnitely generated subgroup of G such that IGFT  = G; such a
subgroup F clearly exists since G/T is a nilpotent minimax group. Now G
is a Baer group, by Lemma 13, and so F is nilpotent and subnormal in G.
It follows from [6, Proposition 3.3.12] that FT is nilpotent and subnormal
in G. Repeated application of [2, Lemma 1], with X
Y
U denoting succes-
sive terms of the normal closure series of FT in G allows us to deduce that
FT G is nilpotent. Thus there exists a normal nilpotent subgroup N of G
with T ≤ N and G/N Cˇernikov and we may assume that N is chosen to
have smallest class, kG say, among all such subgroups of G. Moreover
we may assume that among all residually minimax counterexamples to the
lemma, G has been chosen so that kG is minimal.
Let X = M GG/M is minimax  and Z = ZN. Then
∩MZ
N ≤ ∩MZ
N = ∩M
N ≤ ∩M = 1

where, here and throughout, the intersections are over all M ∈ X, and
so ∩MZ ≤ CGN. However, N ∈ X and we deduce that ∩MZ = Z.
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It follows that G/Z is residually minimax. If G/Z is not nilpotent then the
minimality of kG implies that G/Z is minimax. However, minimax Baer
groups are nilpotent (see p. 38 of [8, Vol. 2]) and we deduce that G/Z
is nilpotent and therefore minimax, since every nilpotent image of G is
minimax. Let A = T ∩Z and note that, since G/A embeds in G/T ×G/Z,
G/A is minimax and nilpotent.
Let H/N denote the divisible radical of the Cˇernikov group G/N . We
next show that A ≤ ZH. To this end, let p be a prime, let Ap be the
p-component of A, and, for each positive integer n, let Appn = a ∈
A apn = 1. For each M ∈ X and n ≥ 1 we have that Appn/Appn ∩
M is minimax abelian of ﬁnite exponent and therefore ﬁnite. Since
H/CHA is divisible we deduce that H acts trivially on Appn/Appn ∩
M and so Appn
H ≤ M . However,
⋂
M∈X M = 1 and therefore
Appn
H = 1. Clearly this implies that Ap
H = 1 for all primes p
and so A ≤ ZH as claimed. It follows that H is nilpotent. Now G/H is
ﬁnite and so there exists a ﬁnitely generated subgroup L of G such that
G = HL. Since L is subnormal in the Baer group G, it follows on appeal-
ing to [6, Proposition 3.3.12] again, that G is nilpotent. This contradiction
completes the proof.
Proposition 3. Let G be a locally nilpotent group that satisﬁes min-
∞- and suppose that G is neither nilpotent nor minimax. Let K denote
the minimax residual of G. Then K is periodic and involves just ﬁnitely
many primes.
Proof. Let T denote the torsion subgroup of G and note that, by
Lemma 2, G/T is minimax. It follows at once that K is periodic. For each
periodic group S let πS denote the set of primes that are involved in S,
i.e., the set of all primes p such that S contains an element of order p. Now
T/K is minimax, by Theorem B(i), and so, to complete the proof, it sufﬁces
to show that πT  is ﬁnite. If T is non-nilpotent then this follows immedi-
ately from [3, Theorem B]. Thus we may assume, for a contradiction, that
T is nilpotent and πT  is inﬁnite.
Since T is nilpotent, it follows that G/T ′ is not nilpotent. Moreover, since
πT  = πT/T ′ is inﬁnite, we may assume that T is abelian. By Lemma 13,
G is a Baer group and it follows, as in the proof of Proposition 2, that there
exists a normal nilpotent subgroup N of G with T ≤ N and G/N Cˇernikov.
Let λ denote the set of all primes p such that p ∈ πT  but p /∈ πG/N
and note that λ is inﬁnite. Let Q denote the maximal λ′-subgroup of T
and H = G/QT
N. Clearly L = T/QT
N is the torsion subgroup of
H and πL = λ. Moreover, since N/QT
N ≤ CHL, we deduce that
H/CHL is a λ′-group and it follows easily that L ≤ ZH and hence,
by [10, Theorem 2.2], that H is nilpotent. However, since L is not mini-
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max neither is H, so H/H ′ is not minimax and we have a contradiction to
Lemma 1.
Lemma 14. Let G be a locally nilpotent group that satisﬁes min-∞- and
let K denote the minimax residual of G. Let H be a subnormal non-nilpotent
subgroup of G that is not minimax. Then K ≤ H.
Proof. Suppose that the lemma is false. Then among all groups G and
subgroups H that provide a counterexample to the lemma, we may assume
that the defect of H in G is as small as possible, r ≥ 1 say. Now HG
is non-nilpotent and so G/HG satisﬁes min-∞ and is therefore minimax.
Moreover the defect of H in HG is less than r and so H contains the
minimax residual R of HG. However, by Theorem B(i), HG/R is minimax
and, since R is characteristic in HG, we deduce that G/R is minimax. Thus
K ≤ R ≤ H and this contradiction completes the proof.
Lemma 15. Let G be a Baer group that satisﬁes min-∞- and let H be a
divisible Cˇernikov subgroup of G. Then H is subnormal in G.
Proof. Clearly it sufﬁces to prove that H is subnormal in the torsion
subgroup of G, and we may therefore assume that G is periodic and hence
locally ﬁnite. Moreover, since there are only ﬁnitely many primes p such
that the p-component of H is nontrivial, it sufﬁces to assume that G is a
p-group for some prime p.
Suppose, for a contradiction, that the lemma is false. Now minimax Baer
groups are nilpotent and every subgroup of a nilpotent group is subnormal,
and so G is neither minimax nor nilpotent. It follows from [3, Proposition 2]
that G has a normal subgroup R of ﬁnite index such that every subgroup
of R is subnormal in R. Since H is divisible we deduce that H ≤ R. Thus
H is subnormal in R which, in turn, is normal in G. Hence H is subnormal
in G and this contradiction completes the proof.
Proposition 4. Let G be a locally nilpotent group that satisﬁes min-∞-
and let K denote the minimax residual of G. Let H be a non-nilpotent, non-
minimax subgroup of G. Then K ≤ H.
Proof. Let G, H, and K be as stated and suppose that KH. We let
T J denote the torsion subgroup of a locally nilpotent group J. Recall that
K ≤ T by Theorem B(ii) and that G/T is nilpotent by [10, Theorem 2.2].
We ﬁrst consider the case in which T = T G is nilpotent. Observe that,
by Lemma 13, G is a Baer group. As in the proof of Proposition 2, there
exists a normal nilpotent subgroup N of G with T ≤ N and G/N Cˇernikov.
Let c be the class of N and, for i = 0
 1
    
 c, let Zi denote the ith term
of the upper central series of N (by deﬁnition, Z0 = 1). We claim that for
each i we have that HZi is subnormal in HZi+1. Since H ∩NZi is normal
in HZi+1, our claim will be established once we show that HZi/H ∩NZi
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is subnormal inHZi+1/H ∩NZi for i = 0
 1
    
 c. Let bars denote factor
groups modulo H ∩NZi and observe that HZi ∼= H/H ∩N ∼= HN/N
so that HZi is Cˇernikov. Let U denote the divisible radical of HZi and let
F be a ﬁnite subgroup of HZi such that UF = HZi. Now U is subnormal in
HZi+1 by Lemma 15, and F is subnormal in HZi+1 since G is a Baer group.
Moreover, F normalizes U and it follows that UF = HZi is subnormal in
HZi+1 (see, for instance, [9, 13.1.5]). We have established our claim and it is
now easy to see that H is subnormal in HN . Furthermore, G/N is nilpotent
since it is a Cˇernikov Baer group and so HN is subnormal in G. Hence H
is subnormal in G and it follows from Lemma 14 that K ≤ H, as required.
Suppose now that T = T G is non-nilpotent. The structure of T is
described in [3, Theorem B and Proposition 2]; in particular K is the
Cˇernikov residual of T and, if R denotes the ﬁnite residual of T , then
T/R is ﬁnite, R/K is divisible Cˇernikov, and every subgroup of R is sub-
normal in R. Furthermore, every non-nilpotent non-minimax subgroup of
T contains K. Now, by Theorem B(i), H/H ∩ T  ∼= HT/T is minimax and
so H ∩ T is non-minimax, and since it does not contain K we deduce that
H ∩ T is nilpotent. Also, H is a Baer group, by Lemma 13.
Next, if S is any subgroup of G that contains T then the minimax residual
of S contains the minimax residual K of T , and we may therefore assume
that G = HT . Since G/R is ﬁnite-by-nilpotent and locally nilpotent, it is
nilpotent (and minimax) and so, by (a special case of) [8, Theorem 9.31],
G/R is residually ﬁnite. Thus there is a subgroup H0 of ﬁnite index in H
such that H0 ∩ T ≤ R. Since H is a non-nilpotent Baer group it is not
nilpotent-by-ﬁnite, and so we may assume that H = H0, and as K is also
the minimax residual of HR we may suppose that G = HR, so that now
T = T ∩HR = RT ∩H = R and every subgroup of T is subnormal.
Now T HK = T ∩ HK = T ∩ HK is a product of two subnormal
nilpotent subgroups and is therefore nilpotent [6, Proposition 3.3.12]. By
our previous argument, therefore, the minimax residual M of HK is con-
tained in H. Let D be an arbitrary H-invariant subgroup of T such that
K ≤ D and D/K is ﬁnite. Then HK has ﬁnite index in HD and so M
is also the minimax residual of HD. In particular, M is normal in D and,
since T is the union of such subgroups D, we deduce that M is normal in T
and hence in G. By Proposition 2, HK/M is minimax and so we have both
G/K and K/M minimax and hence G/M minimax. This in turn implies
that M = K and that K is therefore contained in H, a contradiction that
completes the proof of Proposition 4.
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